In this paper, the generalized Cochrane sums and Cochrane-Hardy sums are defined. The arithmetic properties of the generalized Cochrane sums are studied, and the Cochrane-Hardy sums are expressed in terms of the generalized Cochrane sums. Analogues of Subrahmanyam's identity and Knopp's theorem are given and proved. Finally, the hybrid mean value of generalized Cochrane sums, Cochrane-Hardy sums and Kloosterman sums is studied, and a few asymptotic formulae are obtained.
Introduction
For a positive integer q and an arbitrary integer h, the Cochrane sums are defined by where a denotes the summation over all a such that (a, q) = 1, where d(q) is the divisor function, and exp(y) = e y .
In [14] , the second author found that there are some relationships between c(h, q) and Kloosterman sums K(m, n; q) = where be any fixed positive number. The authors [16] proved that the error term in ( 
which is an important concept in number theory and has many applications (see [11] ). In [2] , Berndt studied the following Hardy sums:
which are related to the Dedekind sums, and obtained some arithmetic properties (see [3] ). Sitaramachandrarao [12] and Pettet [10] used elementary methods to express the Hardy sums in terms of the Dedekind sums as follows:
In [7, 8] , the authors gave some high power mean value formulae for Hardy sums. Naturally, one might consider whether the Hardy sums be generalized in the same way the Dedekind sums are generalized to the Cochrane sums? If yes, then what can be expected? These problems may be interesting.
First we define the Cochrane-Hardy sums as follows: We will study the arithmetic properties of c(h, m, n, q) in Section 2, and give some interesting identities. In Section 3, the Cochrane-Hardy sums will be expressed in terms of the generalized Cochrane sums. Next we pose and prove generalized Subrahmanyam's identities and Knopp's theorems. Finally in Section 5, the hybrid mean value of generalized Cochrane sums, CochraneHardy sums and Kloosterman sums is studied, and a few asymptotic formulae are obtained.
Arithmetic properties of the generalized Cochrane sums
From [1, Theorem 12 .19] we know that
Then for any real number x, one can easily deduce
If x is not an integer, then by (2.1) we get
First we establish a connection between generalized Cochrane sums and Gauss sums:
Theorem 2.1. Let q 3 be an integer and (h, q) = 1. Then we have
where
Proof. From the orthogonality relations for characters and (2.1) we can get
This proves Theorem 2.1. 2
Remarks. From Theorem 2.1 we know that, c(h, m, n, q) = 0 if m ≡ n mod 2.
Next we prove the following identity, which will be used in Section 4. 
Theorem 2.2. Let k > 0, q > 0 and h be integers with
Then from (2.3) we can have
This completes the proof of Theorem 2.2. 2
Cochrane-Hardy sums in terms of the generalized Cochrane sums
We shall prove the following:
Theorem 3.1. Let q 3 be an integer and (h, q) = 1. Then we have
where 2 · 2 ≡ 1 mod q. Moreover, each one of
is zero. 
= −c(h, m, n, q).

This proves (3.2).
From the orthogonality relations for characters we can get
where we used that q b=1 χ(b)B n ( hb q ) = 0 for even characters χ , if n ≡ 1 mod 2. Noting that for odd characters (see [5] )
then we have
This proves (3.3). From (3.6) we can get
This proves (3.4). To prove (3.5), by (2.2) we have
Then c 1 (h, m, q) = 0 if h is odd. The proofs of the remaining assertions in (3.5) are similar. 2
Generalized Subrahmanyam's identities and Knopp's theorems
Subrahmanyam [13] proved the following identity:
Proposition 4.1. For any positive integer d, we have
By using the deep properties of log η(τ ), Knopp [6] got the following:
Proposition 4.1 in case d = p, is due to Dedekind [4] . Sitaramachandrarao [12] showed that Propositions 4.1 and 4.2 could be deduced from one another by elementary arguments.
In this section we shall pose and prove analogues of the Subrahmanyam identity and Knopp theorem for Cochrane sums. First we have Proof. From (2.3) and Theorem 2.2 we can get
c(th, m, n, k).
This proves Theorem 4.1. 2
To extend Knopp's theorem to generalized Cochrane sums, we need the following:
Lemma 4.1. Let f (h, d) and g(h, d) be two complex valued sequences defined for positive integers h and d with
if and only if
where aa ≡ 1 mod k.
Proof. Assume (4.2). Then
which is (4.1). Similarly we can deduce (4.2) from (4.1). 2
Now taking
in Lemma 4.1, we have 
where tt ≡ 1 mod k and aa ≡ 1 mod k.
Hybrid mean value of generalized Cochrane sums, Cochrane-Hardy sums and Kloosterman sums
First we need the following: 
+ O q and 
